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ABSTRACT Pure Michaelis-Menten enzymes have been studied (i.e., enzymes with a hyperbolic (S,V) behavior in a

well-stirred solution). When such enzymes are associated with a structure in vitro, even in the simplest conceivable form
(immobilization in a homogeneous gel), they can produce enzymic or transport reactions with many different kinetics
(Michaelis-Menten, sigmoidal, dual-phasic, etc.). Therefore, when structured enzyme or transport processes in vivo
have sigmoidal kinetics, it is not proof that the corresponding proteins are allosteric. In same manner, when the apparent
kinetics are dual-phasic, it is not proof that two enzyme, or transport systems, coexist.

INTRODUCTION
Since the pioneering work of Henri (1) and of Michaelis
and Menten (2), most of the theoretical models of enzyme
kinetics (Michaelis-Menten, allosteric, reactions using one
or several substrates, etc.) have been designed for enzymes
studied in homogeneous solutions in vitro. For a review, see
reference 3. However, in vivo the enzymes are often more
or less tightly associated with cellular structures, especially
membranes. One can thus question whether the reaction
kinetics depend only on the molecular properties of the
enzymes or whether they are affected by the structure of
the enzyme environment as well (4-6).
As a first approach to this problem, one can consider the

simple case where one or more enzymes that follow
Michaelis-Menten kinetics have been inserted at random
within a gel slab without altering their catalytic properties.
The experimental feasibility of such a system has already
been demonstrated with many different enzymes (7, 8).
The general trends of the theoretical kinetic treatment
have also been published previously (8-12). In the present
contribution, we study a few particular cases apt to be
helpful for discussing actual enzymic or transport pro-
cesses in living cells.

MATHEMATICAL THEORY
One or several enzymes, Ej, catalyzing reactions

S Ej p()

are assumed to be purely of the Michaelis-Menten type. This means that,
in solution, the rate of the enzymatic reaction, Vj, is a hyperbolic function
of Sj (for Pj = 0). This is written (13)

Vj= Vmj yj Xj

j jSS
- Kmj + ~Sj

(2)

(3)

with Vmj, yj, and Xj, and Kmj (assumed to be constant with respect to pH)
being, respectively, the maximum rate, the pH dependence, the substrate
dependence and the Michaelis constant of enzyme Ej in solution.
Now, consider a solid phase, such as an aqueous gel slab separating two

solutions, e and i, with enzymes Ej being distributed at random and
immobilized in the gel (Fig. 1), whose thickness is 1. It is assumed that
immobilizing enzymes Ej in the gel slab has not changed their catalytic
properties, which means that the reaction catalyzed by Ej still obeys the
kinetic Eqs. 2 and 3. Within the membrane, the concentration of
substrate, Sj, is no longer a constant, but it can be expressed (12,14), using
the law of mass conservation, by the differential equation

-= Dj a 2;-Vj (x, t)
at ~aX2 (4)

where t is the time, Dj the diffusion coefficient of Sj, and x the distance
along!. At the boundary of e x = 0, and at i x = 1.
The flux, Jj, of Sj at time t and at point x in the gel slab is written (12,

14)

Jj (x, t) = - Dj (aX (5)

BIOPHYS. J. © Biophysical Society * 0006-3495/83/01/023/06 $1.00
Volume 41 January 1983 23-28

23



gel

S6-. P +H*

IT T

xY Y X

S PX S

or of first order (S << Ki)

VV(1' _ VmylA S 2(eal + e-al 2)
2 ve K. al (eal - e-al)

with al being a dimensionless, diffusion-reaction parameter

al= VinlK
Km D

Si

pH'

(10)

(1 1)

For orders of reaction intermediate between 0 and 1 there is generally no
simple analytical solution, but numerical solutions can always be
obtained.

In the expression of al (Eq. 11), Vm'y/Kn is determined only by the
enzymatic reaction, while D/12 depends only on the diffusion of S. Hence,
the larger the contribution of the reaction, and the smaller that of the
diffusion, the larger the value of al and vice versa. Two different
situations can be considered, according to the values of al.
When al << 1, V' can be computed for the whole range of values

possible for S' (i.e., from S' << Km to S' >> Ki). Fig. 2 gives the result thus
obtained in the usual "reciprocal" system of coordinates (1/Se, 1/V').
The graph is linear. Moreover, when al is small enough, the serial
expansion to the third order of the exponential terms in Eq. 10 gives the
limiting analytical expression for V' (1):

SI

FIGURE 1 Schematic diagram of the immobilization of the enzymes in
the gel slab: (a) monoenzymatic system with gel slab thickness 1; (b) the
spatial distribution of activity in a bienzymatic homogeneous mixture in
the gel slab is induced by the pH difference pH' -pH'. Two active layers
(thickness 1) and an inactive layer (thickness nl) are obtained. The
concomitant functioning of both reactions catalyzed by E, and E2 results
in a vectorial transport of S.

-V(I) _ 2Vm'AS' VSKe(1)~~2 ve K= Km

with

Vm - 2ve '

while the rate of disappearance, Vj, of Sj from one of the bathing
compartments (e, for instance) is written (12, 14)

Aje=-Jjvc (6)

with A being the surface area of the gel slab and vc the volume of
compartment e.

MONOENZYMATIC SYSTEMS

General Characteristics
When there is a single enzyme, Ej, in the gel slab (Fig. a), one can drop
index j in all the equations. Let us introduce two simplifying assumptions:
(a) the stationary state has been established

at (7)

at any point within the slab, and (b) the concentration ofS is the same in
compartments e and i,

SC=S. (8)

Systems without any Significant pH Effect
(Constant y)

Analytical solutions of the problem are easily obtained (12) in the two
extreme situations when the reaction is either of zero order (enzyme
saturation, S >> K.)

vc (() 2Ve (9)

Hence,

Vm = Ve(O). (14)

In this particular case, the behavior of the enzyme in the gel is thus
described by the Michaelis-Menten equation, with the apparent Km being

tg ot=K
vm

1/ Se

FIGURE 2 Hyperbolic behavior of a monoenzymatic system at low

enzyme activity (al << 1): the graph is linear in the reciprocal system of

coordinates 1/jvc =f(1/S').
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equal to the actual Km of the enzyme in solution, and the Vm being
proportional to the Vm of the enzyme in solution.
As al increases, the graph of (I/Sc, l/Vt) is no longer linear. At lower a

values the limiting slope in the zero-order region is identical with that in
Fig. 2 and the curve shows a monotonic upward curvature (Fig. 3b)
toward the limiting slope for the first-order region given by Eq. 10. As al
is further increased, the limiting slope for the zero-order region increases
and the curve shows sigmoidicity with the highest slope at the inflection
point. At even higher al values the curves show a monotonic downward
curvature (Fig. 3a). Although there is a single Michaelis-Menten type
enzyme present in the system, one could be tempted to interpret such
kinetic data as corresponding to two different enzymatic mechanisms, one
detectable at low concentrations of substrate, and the other one dominant
for the high concentrations of substrate. Moreover, in this case, the
apparent kinetic parameters of the enzyme in the gel no longer bear a
simple relationship to the actual kinetic parameters of the enzyme in
solution.

Systems Depending on the pH
Such a system is encountered when the enzymic reaction produces or
consumes protons or hydroxyl ions, for instance

S P- +H+. (15)

In this case, even if the pHs in compartments e and i are maintained
constant and equal to each other, the functioning of the reaction creates a

al

I>

Nc

curvilinear pH-profile in the gel slab, which, in its turn, interferes with the
reaction functioning (back-action effect) (12). Three different cases can
now be distinguished, according to the value of al.
When al << 1, i.e., when Vmy/Km << D/1, the rate of proton production

or consumption is very low, relative to diffusion. Hence the situation is
comparable to the preceding one (as shown on Fig. 2): there is no
significant pH effect. The same reasoning as above shows that in
reciprocal coordinates there is again only one straight line for the whole
range of substrate concentrations. The behavior of the enzyme in the gel is
hyperbolic, with the apparent kinetic parameters bearing a simple
relationship to the actual Km and Vm of the enzyme in solution.
When al is increased limiting slopes are obtained for regions S << Km

and S >> K.; the behavior of the curve in the intermediate concentration
range changes with al. When sigmoidicity is observed, the slope at the
inflection point is (Fig. 4) less than that of either of the two assymptotes.
When drawn in direct, or log/log coordinates, the same data give a
sigmoidal graph (Fig. 5). In this case, the behavior of the enzyme in the
gel seems to be interpretable as allosteric (15,16), although the enzyme is
actually Michaelis-Menten type.

TWO-ENZYME TRANSPORT SYSTEMS

It is possible, by placing two well-chosen enzymes in the gel slab (see Fig.
1 b), to obtain an active transport of S from compartment e to compart-
ment i.

General Characteristics
Consider two enzymes, El and E2, catalyzing two associated reactions
(12, 14)

S + XY E,. PX + Y

PX ES + X.

'7

Km/ Sc

b

Km/S

(16)

(17)

Both these enzymes are assumed to obey hyperbolic kinetics when in
solution.

These two enzymes are homogeneously distributed and immobilized in
the gel slab, as above. Moreover, a pH gradient is now imposed in the gel
slab by maintaining different pH values in compartments e and i (see Fig.
1 b). This induces a functional asymmetry in the system. Enzymes E, and
E2 are chosen with their optimal pH being such that El is active only in a
layer, 11, of the gel slab close to compartment e, while E2 is active only in a
layer, 12, close to compartment i (Fig. lb). The operation of the system
then is as follows. Substrate S, diffusing from compartment e, is
transformed into PX by enzyme El in layer l,. The part of PX which

I>

FIGURE 3 Example of nonhyperbolic behavior of an immobilized
Michaelis-Menten type enzyme: with high values of al, in the reciprocal
system of coordinates 1/V' = f(I/S') there are two different straight
lines for the low and high values of S', respectively. With at = 22(a) the
slope of the first line is bigger than that of the second one, while the
reverse is true for al = 3.7 (b).

Km /Sc

FIGURE 4 Nonhyperbolic behavior of an immobilized Michaelis-
Menten type that induces pH variations. Three different straight lines
exist, according to the level of substrate concentration, in the reciprocal
system of coordinates. at = 10. y = 0.51.
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FIGURE 5 Sigmoidal behavior, log (-VC) vs. log Se plot, (curve S) of
an immobilized Michaelis-Menten type enzyme which induces pH varia-
tions, al = 10. y = 0. 14. Curve M depicts the kinetic behavior of the free
enzyme.

diffuses towards 12 is transformed back into S by enzyme E2. This newly
formed S diffuses partially towards compartment i. Depending on the
concentration profiles in the gel slab, this series of events can produce an

uphill transport of S, with the required energy being provided by the
splitting ofXY (12, 14).

For the sake of simplicity, let us assume that the two layers, 1X and 12,
have the same thickness,

11 = 12 =1 (18)

and that both enzymes, E, and E2, have the same Vm and the same Km in
solution

V. Vm2 = Vm (19)

K1 :Km2 = Km. (20)

In each layer, the enzyme activity is also assumed to be constant with x,
though, between the two enzymatically active layers, the intermediate
layer, thickness nl, is considered as purely diffusive, without any signifi-
cant enzymatic activity (see Fig. lb).
The reasoning is comparable to that with the single-enzyme system.

Numerical values can be computed in all the cases, while analytical
solutions can be calculated only in the two extreme situations of zero-

order and first-order reactions.

Symmetrical Compartments, e and i
In this first approach, we start with identical compartments, e and i; i.e.,
at time zero

SC= S S (21)

For the initial rate of transport, r, the analytical solutions are (14).

jT/"(o) m
Al

(n + 1)V.m 'yV.(n + 2)2

with

- [V inYl2

D~.a! = KmD .- (24)

Three cases can again be identified.
When a! <a 1, whether or not there is a pH feedback, the plot of the

reciprocal of the rate of transport, 1l/, with respect to the reciprocal of
the concentration of substrate in the bathing compartments, 1/S, is
linear. The transport process thus appears as a single Michaelis-Menten
type process. Moreover, in this case, the apparent Km of the transport
process is shown to be equal to the actual Km of the enzymes in solution
(14, 17).
When al is not too different from 1, whether or not there is a pH

feedback, two different asymptotes are found, corresponding to the
extreme situations of the first-order (S << K.) and the zero-order (S >>
Ki) reactions. These two extreme straight lines are connected by a

monotonic curve. The graph is thus comparable to that already given in
Fig. 3, except that the ordinates refer now to rates of transport instead of
reaction rates. Although there is a single pair of enzymes with a single
value for their Km and for their Vm, it seems that two transport processes

are present. The first one, with a low apparent K. and Vm, would be
important at the low concentrations of substrate, while the second one,

with high apparent Km and Vm, would play the major role for large values
of S. Moreover, these apparent Km and Vm of transport no longer bear a

simple relationship to the actual kinetic parameters of the enzymes in
solution.
When al >> 1, one finds again two different linear asymptotes in

reciprocal coordinates, corresponding toS << Km (first-order reaction) and
S >> Km (zero-order reaction), respectively. Moreover, in the case where a

pH feedback exists (protons produced or consumed in reactions (16,17),
(a) the connecting curve between both straight lines can become sigmoi-
dal, and (b) the apparent Vm for S << Km can be either larger or smaller
than the apparent Vm for S >> K.. The more the enzyme with the high
optimal pH tends to increase the pH, and the more the enzyme with the
low optimal pH tends to decrease the pH, the larger the effect.

Nonsymmetrical Compartments, e and i
Let us consider a situation where the splitting ofXY pushes S from e to i,
while the concentrations of S are St in compartment e and zero in
compartment i. In such a case, both the reactions and the diffusion
contribute to the transport of S from e to i. Let Js be the total flux of S,
and JD the purely diffusive flux. For instance, JD would be obtained with
XY = 0. The ratio of Js to JD is given (17) by

iS
= I +(1 + n) (al)2 Km

JD (2 + n)2 S.
(25)

When Vm7,/Km << D/12 (hence al << 1) and Km/SC << I (zero-order
reaction), it is clear that

JS = JD. (26)

(22) The contribution of the reaction is then negligible, and the transport of S
is purely diffusive. Conversely, when both Vny/Ki >> D/l2 (hence at >> 1)
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and Km/S»>> 1 (first-order reaction), one obtains

JS » JD (27)

and the transport of S then depends only on the reactions (active
transport).
An intermediate situation exists when Viny/Km and D/l2 are of the

same order of magnitude (al1 1). In such a case, the process can still be
purely diffusive for SC>> Km (zero-order reaction), although it is active for
S << K. (first-order reaction). Hence, the distinction between active and
passive mechanisms might not be always as clear-cut as it is generally
considered to be.

CONCLUSIONS

Embedding the simplest hyperbolic enzymes in a gel slab is
enough to confer quite unexpected kinetic properties.
These enzymes are then able to catalyze not only scalar
processes but also vectorial ones, including the uphill
transport of a substrate between two compartments. More-
over, a single Michaelis-Menten enzyme (or a pair of
complementary Michaelis-Menten enzymes, acting as a
single transport system) can then be made to behave like a
dual enzymatic (or transport) mechanism, or like an
allosteric process. The larger the term characteristic of the
reaction ( Vmy/Km) compared with that of the substrate
diffusion (D/12), the more pronounced these effects. Intro-
ducing a pH feedback also tends to increase these effects.
The reason for enzymes behaving differently according to
whether they are in solution or immobilized in a gel slab is
as follows. In solution, under the usual conditions of
experiment, the system can be considered to be perfectly
homogeneous. In the gel slab, on the contrary, gradient
profiles of pH and of substrate concentration appear, and
these become steeper as the diffusive substrate supply and
proton clearance are overcome by the reaction velocity.
The local conditions of enzyme activity thus differ from
point to point in the gel slab, and they also differ from those
existing in the solutions in contact with it.
Our results are also a warning for those working on

membrane-bound enzymes or on cellular transport sys-
tems. In reciprocal coordinates, their experimental data
are often better fitted by two straight lines (one for the
high, and one for the low concentrations) than by a single
line. Following the original proposal of Epstein and Hagen
(18, 19), most authors interpret such results as revealing
the presence of two different membrane mechanisms of
reaction or transport, with the apparent Km and Vm of the
membrane processes being equated to the actual Km and
Vm of the membrane bound enzyme or carrier. In like
manner, sigmoidal experimental curves, in direct coordi-
nates, have been taken as suggesting an allosteric character
of the membrane-bound active proteins (20). Our present
contribution shows that such interpretations, however pop-
ular they are, can be completely erroneous. Indeed, in a
structured system, the apparent kinetic parameters are
generally quite different from the actual molecular param-
eters of the catalyzing proteins, a biphasic kinetic curve
may correspond to a single mechanism, and a sigmoidal

kinetic curve may be obtained with a perfectly hyperbolic
enzyme. An example of this has already been reported in
an actual biological system, and an alternative interpreta-
tion to allosteric interaction has been given for glucose
induced secretion of insulin (5).

Limiting values of a/ can be estimated by considering
the ranges of variation of the parameters as they occur in
real biological systems. Km is generally between 102 and
lO-O M, while Vm = k3 [Et] can be considered as being
between 1o-7 and o0-2 mol s- cm-3, for [Et] generally in
the range of lo-7 to 10-6 M and k3 ranging from 1 to 104
s-' (21). D is most often on the order of I1-5 cm2 s-'; I can
be estimated to lie between Io-6 cm (thickness of a bilayer
membrane) and 10-2 cm, or even more, when taking into
account possible diffusion barriers in an intact organism
(5); y is smaller than 1; we assigned a value of 1 in the
present calculation. Given these ranges of the parameters,
the extremes of variation for al turn out to be 10-6 < at <
3 x 103. Hence, the full range of possibilities considered in
this paper are within- the range of biological possibilities.
We agree that differences exist between a living membrane
and a thick homogeneous gel slab with enzymes immobil-
ized in it. However, this does not rule out our above
assertions for at least two reasons: (a) even a real mem-
brane is accompanied by diffusion layers where concentra-
tion profiles, similar to those in the gel slab, will develop,
and (b) the real membranes being much more highly
structured than our gel slabs, it is likely that the effects of
the structure on the kinetic processes will be even more
numerous and diverse than they are in the gel.

We thank Professors Selegny, Gergely and Mikulecky for fruitful discus-
sions.

This work was supported by grants from the Centre National de la
Recherche Scientifique (Action thematique programme 9 81 05, 9 81 47,
and 4108), the "Aide a la recherche m6dicale frangaise," the Institut
National de la Sant6 et de las Recherche M6dicale (Contrat de recherche
libre 816028), and the ministere de L'6ducation nationale (grant No.
4110 lA 00 393).

Receivedfor publication 14 January 1982.

REFERENCES

1. Henri, V. C. 1903. Lois g6n6rales de l'action des diastases. Ph.D.
Dissertation, University of Paris.

2. Michaelis, L., and M. L. Menten. 1913. Die kinetic der Invertinwir-
kung. Biochem. Z. 49:333-369.

3. Segel, I. H. 1975. Enzyme kinetics. John Wiley & Sons, Inc., New
York. 1-957.

4. Thellier, M., B. Thoiron, and A. Thoiron. 1971. "Electrokinetic"
formulation of overall kinetics of in vivo processes. Physiol. Veg.
9:55-82.

5. Desimone, J.A., and S. Price. 1978. An alternative to allosteric
interactions as causes of sigmoid dose versus response curves:
application to glucose-induced secretion of insulin. Biochim. Bio-
phys. Acta. 538:120-126.

6. Bunow, B. 1980. Cellular enzymology: the steady-state kinetics of
compartmentalized enzymes. J. Theor. Biol. 84:611-627.

7. S6l6gny, E., S. Avrameas, G. Broun, and D. Thomas. 1968. Mem-
branes a activit6 enzymatique: synthese de membranes a enzymes

VINCENT AND THEILLIER Enzymes in Structured Media and Michaelis-Menten Kinetics 27



liees par covalence, caract6risation de l'activit6 catalytique par
diffusion-r6action. C.R.H. Acad. Sci. Paris Ser. C. 266:1431-
1434.

8. Mosbach, K. 1976. Immobilized enzymes. Methods Enzymol. 44:1-
936.

9. S6l6gny, E., J. P. Kernevez, G. Broun, and D. Thomas. 1971.
Time-dependent evolutions of diffusion-reactions in model
enzymic membranes. Physiol. Veg. 9:51-63.

10. Selegny, E. 1974. Some systems coupling enzymic reactions and
other phenomena: energy conversions. In Polyelectrolytes. E.
S6legny, editor. D. Reidel Publishing Co., Dordrecht, Holland.
419-482.

11. S6l6gny, E., G. Broun, and D. Thomas. 1971. Enzymatically active
model-membranes: experimental illustrations and calculations on
the basis of diffusion-reaction kinetics of their functioning, of
regulatory effects, of facilitated, retarded and active transports.
Physiol. Veg. 9:25-50.

12. Vincent, J. C. 1980. Structures fonctionnelles enzymatiques spatiales
et temporelles: pro-asym6tries et asym6tries en relation avec les
transports actifs individuels ou coupl6s des mol6cules et du proton.
Ph.D. Dissertation, University of Rouen.

13. Vincent, J. C., and E. Sel6gny. 1981. Oscillations temporelles en
milieu enzymatique structur6: transport vectoriel a oscillations

spatio-temporelles, 6tude analytique. C. R. III. Acad. Sci. Paris
Ser. C. 292:173-176.

14. S6l6gny E. and J. C. Vincent (1980) Two enzyme active transport in
vitro with pH induced asymmetrical functional structures I. The
model and its analytical treatment. Biophys. Chem. 12:93-106.

15. Monod J., J. P. Changeux, and F. Jacob. 1963. Allosteric proteins
and cellular control systems. J. Mol. Biol. 6:306-329.

16. Monod J., J. Wyman, and J. P. Changeux 1965. On the nature of
allosteric transition: a plausible model. J. Mol. Biol. 12:88-118.

17. Sel6gny, E., and J. C. Vincent. 1980. Two enzyme active transport in
vitro with pH-induced asymmetrical functional structures II.
Properties of the pump and experimental illustrations. Biophys.
Chem. 12:107-119.

18. Epstein, E., and C. E. Hagen. 1952. A kinetic study of the absorption
of alkali cations by barley roots. Plant Physiol. (Bethesda).
27:457-474.

19. Epstein, E. 1966. Dual pattern of ion absorption by plant cells and by
plants. Nature (Lond.). 212:1324-1327.

20. Glass, A. D. M. 1976. Regulation of potassium absorption in barley
roots: an allosteric model. Plant Physiol. (Bethesda). 58:33-37.

21. Stryer, L. 1981. Biochemistry. Second edition. W. H. Freeman &
Co., Publishers, San Francisco. 115.

28 BIOPHYSICAL JOURNAL VOLUME 41 1983


